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ABSTRACT

For a p-adic hyperplane arrangement in a vector space V, we consider
a local system of De Shalit on the Bruhat-Tits building of PGL(V).
We express this local system in terms of Orlik-Solomon algebras, and
calculate its cohomology in the case where the arrangement is finite.

1. Introduction

Let V be a finite dimensional vector space over a field K, and let S be an
arrangement of hyperplanes in V* = Homg(V,K). In other words, S is a
finite subset of P(V). When K = C (or any field of characteristic 0), following
the work of Arnold, Brieskorn, Orlik and Solomon (see [O-S]), the deRham
cohomology of the complement

M(S):=v\Jn
nes
has a simple combinatorial description as the Orlik-Solomon algebra of S,
denoted Aps(V,S), which is defined by generators and relations.
New phenomena occur when K is a p-adic field. Assume that K = Q,, and
let L be a Z,-lattice in V. Consider the quotient map

pr: P(V) = B(L/pL).

We obtain a hyperplane arrangement ¢y, (S) in (L/pL)*, which is a vector space
over a finite field. Allowing the lattice L to vary, we obtain a collection of “local
viewpoints” of the arrangement.
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Let 7 be the Bruhat-Tits building of PGL(V). It is a simplicial complex,
whose vertices consist of the homothety classes of the lattices L. E. de Shalit
in {dS] attached to such an arrangement, and to any simplex ¢ of T, a certain
graded anti-commutative algebra A(S, o), whose defintion is inspired by that
of the Orlik—-Solomon algebra of a hyperplane arrangement. For a vertex of
T, vo = [L], we actually have A(S,vo) = Aos(L/wL,¢1(S)), and for a higher
dimensional simplex o, A(S,0) is an algebra which interpolates the algebras at
the vertices of 0. There are also natural maps A(S,0) = A(S, 7) whenever ¢ is
a face of 7, that make the collection {A(S, 0)}se7 into a local system A(S).

De Shalit conjectured that the cohomology of this local system vanishes in
all the positive degrees, and proved it when dim(V) < 3 or the hyperplane
arrangement S is the whole of P(V*). In the latter case, the existence of a
GL(V)-action on the arrangement, is very helpful, and one uses tools from the
theory of smooth representations of reductive groups. This result is the main
technical ingredient in his calculation of the cohomology of Drinfeld’s p-adic
symmetric space.

The purpose of this work is to prove the following theorem:

THEOREM 1.1: Let S be a finite hyperplane arrangement in V. Then we have

i _ /0, >0,
BT, A(S)) = < os(V,S), i=0.

We expect applications of this theorem to come in the study of p-adic hy-
perplane arrangements. For example, such arrangements may be obtained from
arrangements over a number field (and, in particular, Coxeter arrangements)
by passing to the various completions of the field. Given a p-adic hyperplane
arrangement, the above vanishing theorem allows to draw conclusions about the
arrangement from already known theorems about its images over a finite field.
This theorem may also supply interesting resolutions of the Orlik—Solomon al-
gebra as a module over the free exterior algebra on the symbols {e, : a € S}, or
as a G-module for a finite linear group G acting on the arrangement. We hope
to address these issues in future work.

We start this article by giving an equivalent definition of the local system
A(S), using tensor products of Orlik-Solomon algebras, thus making the con-
nection between the two constructions a concrete one.

Second, we review the notion of p-adic norms on V, whose dilation classes
comprise the Euclidean realization of the Bruhat-Tits building. We define a
notion of independence of vectors modulo a norm, and show that the set of
norms modulo which a given set of vectors is independent can be contracted to
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a point. In doing so we are led to introduce a new way of moving around the
building. The more standard way of moving along geodesics is not applicable
on the subsets of the building we consider, because of their non-convexity.

Then we proceed to the proof of the main theorem cited above. The proof
is done by induction on the size of S. In order for our induction process to
work, we are led to introduce a larger class of local systems, which depend on
the set S and on some additional information. The inductive step is done using
a restriction—deletion exact sequence for our local systems, which we transpose
from the classical setting of Orlik—Solomon algebras to our setting,.

Finally, we treat the case |S| = 0, which is the base of our induction process,
for our general class of local systems. In that case the local systems become
constant on their support. The support of a local system in our class may not be
the whole building but rather a nontrivial subcomplex. However, we prove that
the support is always contractible, and this allows us to verify the cohomology
calculation.

ACKNOWLEDGEMENT: I would like to thank E. de Shalit for presenting me
this problem, and for many related discussions.

Added in proof: In a recent preprint, E. Grosse-Kloenne proves de Shalit’s
acyclicity conjecture for infinite arrangements as well. See [GK]. His methods
are different from ours, and we find our geometric approach of independent
interest.

2. The Bruhat—Tits building and its euclidean realization

2.1. DEFINITIONS. Throughout the paper, K will be a finite extension of Q,,
endowed with a non-archimedean norm |- |, and 7 a uniformizer. We let V be
a (d + 1) dimensional space over K, and G = PGL(V).

Definition 2.1: A lattice in V is an Og-submodule of V of rank (d+1). Two
lattices Ly and Lo are called equivalent if Ly = uL; for some u € K* (in that
case we can take u to be an integer power of ).

Definition 2.2: 7T, the Bruhat-Tits building of G is a simplicial complex in
which the vertices are the equivalence classes [L] of lattices in V', and the k-
simplices are the sets {[Lo],[L1],...,[Lx]} where Lo D L1 D --- D Ly D wlg
(strict inclusions).

Remark 2.1: The above inclusions determine a canonical ordering of the ver-
tices in any simplex, up to a cyclic change. A choice of distinguished vertex
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inside the simplex (also called the leading vertex) determines completely an
ordering of the vertices, and, in particular, an orientation of the simplex. We
denote by 7y, the set of ordered k-simplices. Thus:

Te = {(Lol, -, [Lk]) : Lo D Ly > -+ > Ly > wLo}.

Remark 2.2: For a vertex v = [Lo| of T, the neighbouring vertices of v are in
one-to-one correspondence with the nontrivial subspaces of Lo/m Lo, where the
latter is viewed as a vector space over the finite residue field Og /7O . Hence
the k-simplices in which v is a vertex are in one-to-one correspondence with flags
of subspaces of length % in this finite dimensional vector space. In particular,
we see that T is locally finite.

The Euclidean realization. Since T is a simplicial complex, we may consider
its Euclidean realization, |7, obtained by gluing realizations of its simplices.
Goldman and Iwahori ([G-I]) found a concrete description of this space in terms
of norms.

Definition 2.3: A norm p on V is a function p: V —+ R2° satisfying:
(1) p(z +y) < sup(p(z), p(y)),
(2) plax) = |alp(z) forae K,z €V,
(3) pz) =0z =0.

Definition 2.4: Two norms p; and ps on V are called equivalent if there is a real
positive constant ¢ such that Vv € V, p1(v) = ¢p2(v). We denote the equivalence
class of a norm p by [p].

The topological realization |7| can be taken to consist of all the equivalence
classes [p]. Let us review this correspondence (cf. [G-I], prop. 1.5 on page 142
and prop. 1.7 on page 144).

A flag of lattices Ly D --- D Lip_y D L = wLy representing a simplex
o = {[Lo},...,[Lkx-1]} and a sequence of positive numbers zo > 1 > --- >
Ty—1 > Tk = |7|zo give rise to a norm p defined by: p(v) = |n|'z; where i and j
are determined uniquely by 7=*v € L; \ L;41. The set of all dilation classes of
norms obtained from ¢ in this way obviously forms an open (k — 1)-dimensional
simplex, and will be denoted by |o|°.

On the other hand, any norm p determines an increasing continuum of lattices
L(ry ={v € V: p(v) <r}. Since L(jx|r) = wL(r), there is only a finite number
of jumps from L(1) (say) to L(|r|), and one obtains a unique lattice flag o such
that p € |o|°.
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Definition 2.5: For a lattice L, let p; be the norm defined by

_ Jmin{[x|*: 77"z € L}, x#0,
pL(x) - {O7 J::O

It is clear that the dilation class of py, corresponds to [L] in the realization of
the building.

2.2. INDEPENDENCE OF VECTORS.

Definition 2.6: Let Vq,...,V, be linear subspaces of V, and p a norm. We say
that the sum >V, is a direct sum modulo p if for any v; € V;,

(2.1) p(vy + -+ vy) = sup{p(v1), ..., p(vg)).

This implies in particular that the sum is a direct sum in the usual sense.
Note also that this notion depends only on the equivalence class [p].

Definition 2.7: The vectors vy, ...,vx € P(V) are called independent modulo
p if Kv; + -+ Kwvy is a direct sum modulo p.

Definition 2.8: Letvq,...,v441 be abasis of V. The apartment Ap(vy, . .., vg+1)
is the subcomplex of all the [p]’s such that vy, ..., vg4; are independent modulo

p.

Since any such p is determined by p(vi),...,p(ves1), the apartment is
homeomorphic to
R /(1,1,...,1) ~ R,

Definition 2.9: Let ¢ = {[L¢],...,[Lx]} € T where Ly D --- D Ly_1 D L =
mLlo. A set of vectors S C P(V) is called independent modulo ¢ if for an
arbitrary lift of S of the form S C Lo \ 7L, and for all ¢, the images of the
elements of SN (L; \ Liy1) in L;/L;11 are linearly independent over the residue
field Ok /7Ok.

LEMMA 2.10: If [p] € |o|°, independence modulo o is equivalent to indepen-
dence modulo p.

Proof: 1t is convenient to extend the lattice flag periodically to an infinite bi-
sided filtration --- L; D L;y; D ---. As explained above we can assign numbers
<-x; > Ty > --- so that p(v) = z; when v € L; \ Lyq. If the elements
of S are independent modulo p, then in particular when v;,...,v,, € S and
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v; € L; \ Liy1, for any combination ) a;v;, where a; € Ok but not all are in
70k, we have p(3_ a;v;) = z; and hence 3 a;v; € L;\ L;1;1. On the other hand,
if the elements of S are independent modulo ¢, then in verifying (2.1), suppose
that all the v;’s liein L; but not allin L;1;. Let Sy = {j : v; € L;\ Li+1}. Then
by the assumption, 35, vj € Li\ Li+1, hence 37, v; = 3 105 v+ 2 5e5, V5 €
Li\ Lit1 and p(3_v;) = @i = sup;p(v;). 1

Given a direct sum decomposition V = @, Vi, a norm p can be rectified
so that the sum will be direct modulo the norm. This is done in the following
way: let my,: V — V; denote the projection, and define

p(v) = sup(p(mv, (v)), - -, pl7v, (v)))-

It is easy to see that j is a norm, and V = @, V; modulo j. Since > 7y, (v) =
v, we have for all v € V,

pv) > p(v).
THEOREM 2.11: Thereis a retraction of |T| to {[o} € |T]: V = @, V; mod p},
carrying p to p.
Proof: Definefor 0 <t <1,

pr(v) = sup(p(v),t - p(v)).

One has py = p, p1 = p. We have to check that this function ([0,1] x |T| = |T1)
is continuous, with respect to the metric on |7 defined by

p1(z) p2(y) ) ‘

d([p]; [p2]) = log (s“p PV 5o (@) p1 ()

Let us first prove, for any two norms p and 7, and ¢ € [0, 1], that

(2.2) d([pe], [ne]) < dd{pl; [m])-

Let us denote, for norms a and £,

s ) = supeso 1.

so that p(a, B)u(B,a) = ed(lB). We can assume w.lo.g. that u(p,n) = 1.
Let ¢ = p(n,p). Then for any v € V, we have p(v) < n(v) < cp(v) and
pv) < di(v) < cp(v). Hence py(v) < m(v) < cpi(v), and (2.2) follows. One
can as easily prove that for t,s € (0,1], d([ps], [ps]) < |log(t/s)|. This proves
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continuity away from t = 0. Finally, since p(v) < p(v) < e%??) p(v), we have
p(v) < pi(v) < p(v) - sup(l,te?®P)) and hence for t small enough (depending
on p), pt = p- ]

COROLLARY 2.12: The building |T1 can be retracted onto any of its apartments
Ap(vs,...,v4+1). This retraction preserves the independence of any subset of
the basis. Namely, if a subset of the basis is independent modulo p, it will also
be independent modulo p; for 0 <t < 1.

COROLLARY 2.13: The set of norms p such that a given set of linearly indepen-
dent vectors v, ..., vy is independent modulo p can be contracted to a point.

Proof: Denote the above set of norms by I. We first retract I to an apartment
of a basis containing vy, ...,v,. The whole apartment is contained in I and re-
mains fixed throughout this retraction. Once inside the apartment, we contract
geodesically to an arbitrary point of the apartment. |

2.3. PROJECTION OF NORMS. Let W C V be a linear subspace, and let p be
a norm on V. The projection g = pw{p) is a norm on V/W defined by

pw (p)(9) = p(V) = infuewp(v +w).

Since the infimum can equally be taken over the compact set {w : p(w) < p(v)},
it is attained. Yrom here, one verifies easily that 5 is a norm. One can also
define a projection of a lattice L to V/W by

pw(l)=L={p:vel}

Since the two projection operations commute with homothety, we have well
defined notions of the projections pw ([p]) and pw ([L]).

This allows us to define the projection of a lattice flag, o = {[Lo], ..., [Lr-1]},
where Lo O --- D Ly_1 D wlg, by
(2.3) pw(o) =& = {[Lo}, -, [Lr-1]}.

o is a simplex in the building of V/W, which may be of a smaller dimension
than that of o.

Note that for a lattice L of V, we have the following compatibility relation:

pw(pPL) = Py (L)-

We conclude this section with a proposition that will be used later.
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PROPOSITION 2.14: Letvy,...,v, € V and let p be a norm on V. The following
conditions are equivalent:

(1) vy,...,v, are independent modulo p.
(2) For any 1 << j <n, v; and 9; are independent modulo pc,.,....v;_,>(p)
(the bar stands for reduction modulo < vy,...,vi—1 >).
Proof:
1 = 2: By the assumption, we have, for any w € span(v,...,v;,...,n),

p<v1,---,vi—1>(p)(w) = p(w)7

and the independence of ¥; and @; follows.
2 = 1: We will proceed by induction on n. For n = 1,2 the claim is ob-
vious. Forn > 3, and 2 < i < j < n, U; and 9; are independent modulo

Pevr,vir>(P) = P<ua,...wioy1>P<ur>(p). By the induction hypothesis, vy, . . ., Up,
are independent modulo p<y,>(p). Hence,

o> () L aits) = supisa{pcons ()it}

=2

Since v; and v, are independent modulo p, p<y,>(p)(a;0;) = p(a;v;). Hence

P<vi>(p) (i aﬂ‘h’) = sup;>2{p(a:v;)}

=2

n
= Vay, p(am +Y awi) > supi>2{p(aivi)}

= p(ga:i) = sup;{p(a;v;)}.

The last equality follows since if p(a;v1) < supi>2{p(aivi)}, we have p(3"; a:v;)
< supi2p(a:v;), hence p(3 i aw;) = sup;>2p(aiv;) = supi>1p(a:v;), and if
plarv1) > sup;>2{p(a;v;)}, the equality is immediate. 1

3. The local system A(S)

3.1. PRELIMINARIES ON GRADED ANTI-COMMUTATIVE ALGEBRAS. We fix an
arbitrary field F for the rest of this paper. We will let the coefficients of our
algebras lie in this field.
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Let us denote by G(F') the category of graded anti-commutative algebras over
the base field F', namely, algebras E with a grading £ = €p,,», E", such that
Ey=F,E™"E® C E™™ and for v € E*,y € E™,

zy = (-1)""yz.

For E,, E; € G(F), their tensor product E; ® E; is defined as follows: As
a vector space, it is the usual vector-space tensor product of E; and E,. The
grading is defined in the evident way, and the product structure is defined by

ey @y)=(-1)""zz' @ yy

for ' € E*,y € E}. In other words, when multiplying two expressions we put
them together, then let the elements of degree 1 percolate to their place using
the relation zy = —yx for them.

3.2. ORLIK-SOLOMON ALGEBRAS. For any vector space U and a set of lines
S C P(U) we denote their Orlik—Solomon algebra by Apg(U, S). We recall that
it is an object in G(F), defined as E(U,S)/I(U,S) where E(U,S) is the free
exterior algebra on the symbols {e, : v € S}, and I(U, S) is the ideal generated
by the elements

O(epg N Ney,) : Z( Diey A Nég Ave Aey,

for all the sequences vy, ...,v; € S that are linearly dependent.
Note that S is allowed to be the empty set, and U is allowed to be {0}; in
both cases Aps(U, S) is made of constants only (elements of F'), in degree 0.
Being a quotient of E(U, S) by a homogeneous ideal, Aos(U, S) belongs to
G(F).

For u € S and S’ = S \ {u} we have the restriction—deletion exact sequence
(3.1) 0= Aos(U,8") = Aos(U, S) = Aos(U/ <u>,5") =0

(See [O-T], p. 76, theorem 3.65). Note that the latter is only an exact sequence
of vector spaces, not even of graded vector spaces since the map from A(U, S)
to A(U/ < u >,5') decreases the grading by 1.

Given a filtration of vector spaces U = Uy D -+ D Uy D Uy 1 = 0, we have a
surjective map of algebras,

k
(3:2) Aos(U,8) = ) Aos(Ui/Uiy1,S 0 (U; \ Uis1))

=0
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sending €,, v € U;\U;j11 t01®---®1Qe; ®1®---®1. This map is a morphism
in G(F).

3.3. LocAL sYSTEMS. Let U be a subcomplex of 7.

Definition 3.1: A (cohomological) local system A (of abelian groups, vector
spaces, etc.) on U is the assignment of an object A(7) to any 7 € U, together
with maps r7}: A(ms) = A(m) whenever 7y > 73, satisfying the following com-
patibility relations: r] = id, and whenever 71 > 7 > 73, we have 771772 = r71.

We denote by UT - ’f} the set of oriented r-simplices of U.

To a local system A we attach the differential complex C*(U, A) in which
C"(U,A) for r > 0 is the collection of maps f: U, — [I,cy, A(r) satisfying
f(r) € A(r) and f({(7)) = sgn({)f(r), where ( is the cyclic shift operator.

The differential d: CT(U, A) — C™T1(U, A) is defined by

r+1
df(r) =Y _(=1)'r], f(z)
i=0
where 7 = (vg,...,vr41) and 7, = (Vo, .. ., Uy - -+, Upy1)-

Definition 3.2: The cohomology of the complex C*(U, A) is also referred to as
the cohomology of the local system A and is denoted by H*(U, A). The local
system A is called acyclic if H*(U, A) = 0 for all ¢ > 0.

Definition 3.3: 'The support of a local system A is the minimal complex supp(A4)
C U such that for any simplex o ¢ supp(4), A(o) = 0.

2=

Remark 3.4: If all the restriction maps 7]} are surjective, then supp(4) =
{o : A(0o) # 0}. This will always be the case in this article.

LEMMA 3.5: Let A be a local system on a complex U C T. Then we have a
canonical isomorphism

H*(U, A) ~ H" (supp(4), 4)-
Proof: Clear, since canonically C*(U, A) ~ C*(supp(4), 4). |

)=

3.4. THE DEFINITION OF THE LOCAL SYSTEM A(S). Let S CP(V).

Definition 3.6: The local system A (S) on T is defined by

A(S, O') = ® AOS(Li/Li+17TL5/Lg+1 (Si))

=0
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where 0 = {[Lo],...,[Lr]}, Lo D -+ D Ly D Lyj1 = wLo, S; = SN (L; \ Lig1)

for an arbitrary lift S C Lo \ 7Ly of S with respect to the quotient map from

VA{0}to P(V), and 1,1, is the reduction map from L;\ L;+1 to P(L;/Liy1).
The face maps A(o,S) = A(1,S) for 0 < 1 are given by (3.2).

Let us also recall the definition in [dS]:

Definition 3.7: The local system A g (S) on T is defined by
Ags(S,0) = E(V,5)/1(0,5)

where I(0, S} « E(V, S) is the ideal generated by the elements

k
O(epy Ao Aey,) ::Z(—l)ievo/\H-/\e/; A Aey,

=0
for all the sequences vy, ...,vr € S that are dependent modulo o.

Remark 3.8: The local system Ags is denoted in [dS] by A. De Shalit’s acyclic-
ity conjecture is formulated for another local system, which is denoted there by
A. However, the two statements are equivalent. See loc. cit., p. 133 and p. 147.

THEOREM 3.9: We have an isomorphism of local systems

A(S) = Ays(S)-

Proof: Preserving the notation of the last two definitions, note that the ele-
ments of the form (ejy,) A - A €[y,]) where all the v; are in the same S, and
Vo, ...,k project to a dependent set in L;/L;1, suffice to generate the ideal
I(o, S).

We first define a map

¢: Ads(S,O') — A(S, 0’)

by é(efy)) = 1®-- '®erL,-/Li+1(v) ®---®1 where v € S;, and e, appears in the ith
place in the tensor product. This map is well defined, by the above observation
on the generators of I(o, S).

In the other direction, we define

P A(S,0) = Ays(S,0)

in the following way: we first define maps ¢;: E(L; [Liv1,70, /1,4, (53) —
Aqs(S,0) by ¢(ez) = e,, where v € S; is an arbitrary lift of the given el-
ement ¥ € rr,/1,.,(S;). The image does not depend on the choice of a lift



200 G. ALON Isr. J. Math.

since if v = av'(mod L;4+1) then v and v' are dependent modulo &, hence
€[v'] —€[v] = (e Aefy}) = 0. It is easy to see that this map vanishes on I(S, o),
hence we get a well defined map ¥;: Aos(Li/Lit1,71;/1.,,(S:)) = Aas(S,0).
Finally, define ¥ = @, ;. By their definitions, ¢ and ¢ are inverse to one
another.

Finally, one must check that the face maps r7, correspond to each other, but
this is readily seen on the generators. |

3.5. A RESTRICTION-DELETION EXACT SEQUENCE FOR A(S). We wish to
carry over the restriction—deletion exact sequence (3.1) to the context of the local
system A (S). In doing so we have to tackle two obstacles: One is defining a local
system which is analogous to the A(U/ < u >, S’) part. The second is that of
support. Suppose, for example, that o = {[L]} is a vertex, S = {[v1],...,[va]},
where vy,...,v, € L\ 7L, and that we want to take away [vy]. If 77/ (vs) is
equal to one of 7 /1 (v1), ... ,7L /1 (Vn-1), then removing [v,] does not change
the local picture of the arrangement. We cannot expect a short exact sequence
similar to (3.1) to be applicable to the quotient A(S,a)/A(S \ {[vn]},0) since
in this case, this quotient is 0, whereas any algebra of the form A(—,—) has a
nonzero dimension.

For the remainder of this section, let W be a linear subspace of V, and
SCPV)\P(W).

Definition 3.10: The local system Ay, (S) on T is defined by
AW(S> U) = A(PW(S)apW(U))

where Py : P(V)\ P(W) — P(V/W) is the obvious projection. Namely, Ay, (S)
is the pullback of the system A(Pw(S)) from the building of V/W, via the
projection map (2.3).

ProposITION 3.11: Let v € S and ' = S\ {v}. The local system
Ay (S') is embedded in Ay, (S). If there exists a w € S’ such that Py (v)
= Pw(w) then the local systems Ay, (S) and Ay, (S’) are identical. Otherwise,
S’ CP(V)\P(< W,v >), and one has

0 dw € 5 : Pw(v), Pw(w) are
Aw(S,0)/Aw(S',0) = dependent mod pw (o),
Acwo>(S',0) otherwise.
Proof: The first part of the assertion is obvious. So suppose Py (S) # Pw(S').
Hence S’ C P(V) \ P(< W,v >). Let pw(o) = 7 = {[Lo], ..., [Lx-1]}, where
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Lg,..., L1 are lattices in V/W and Lo D -+ D Ly_1 D Ly = wLy. Let 5,5'
and 7 be lifts of Py (S), Pw(S’) and Py (v), respectively, to Lo \ wLg. Let 7 be
the index for which Pw (v) € L;\ Li+1. We have

k—1
(3.3) Aw(8,0) = Q) A0s(Li/Lis1.71,1,4 (Si)s

J=0
k—1

(3.4) Aw(S',0) = Q) Aos(Li/Li+1,71, 1,4, (S)));

7=0

where S; = SN (L; \ Lj41) and S; = S'N(L;\ Ljy1). If there exists w €
S’ such that Py (v) and Py (w) are dependent modulo 7, then w € S; and
TL;/L;41(S3) = T1;/10;,,(S};) both for j # i (in which case S; = §}) and for
j =1. Hence Aw (S,0) = Aw(S’,0) and the quotient is 0.

Otherwise, we have v, /1., ,(S;) = 71,/0,,,(S:)\ {r1,/1.,,(0)}, and by (3.1)
we have

Aos(LifLis1,71, 71,4, (8:))/Aos(Li/Liy1,71, /1., (S5))
= Aos(Lif < Lit1,8 >,71, /< Liy1,55(S0))-
For j # 4, Aos(Lj/Lj+1,71;/1;4:(Sj)) = Aos(Lj/Lj+1,7L;/1,,,(S5)). Hence
the quotient Aw (S,0)/Aw(S’,0) is equal to the expression of (3.3), with the
ith factor replaced by
Aos(Li/ < Liy1,0 >,71, /< 1iy1,55(SD)-
Denoting by L; the further reduction of L; modulo < v >, we have
L@/ < L¢+1,’(~1 > E,‘/[_/1+1
and
Lj/Ljy1 = Lj/Ljy Vj#4.

This proves the desired equality. |

4. The acyclicity theorem
We shall prove the following theorem:

THEOREM 4.1: For a finite subset S C P(V'), we have

i 0, >0,
HA(T, 4(8) = { os(V,8), 2: 0,
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where the map in degree O comes from the collection of natural maps,

{A0s(V,S) = Aos(L/nL,r/rr(8) HLjeTs

where L is a lattice in V and S is a lift of S to L\ nL.

4.1. CONTRACTIBLE SUBCOMPLEXES OF THE BUILDING. As we have seen in
section 3.5, taking quotients of a local system often yields a smaller support
than that of the original system. In this section we shall present a class of
couples (U, A), where U C 7T is a subcomplex and A is a local system on U,
which is stable under certain operations of taking quotients. We shall also see
that the subcomplexes we define are contractible. Together, we shall obtain a
machinery for proving the acyclicity theorem by induction.

Definition 4.2: Let vy,...,v, be linearly independent elements in P(V) and
let T1,...,T, be finite subsets of P(V) such that Ty D T O --- D T, and
T; CPWM\P(<vy,...,v; >) for all 4.

Define a subcomplex 77" 7" C T by the following condition:

1yeeny ¥ .
o €T e v,..., Uy are independent mod o, and

V1 <i<n,Vw € T;v,...,v;,w are independent mod a.

LEMMA 4.3: Let U = Tpp, S C Ty, and vpqq € S (orn =0 and S C
P(V)). Define S’ = S\ {vn41}. Consider the local systems A, -(S) and
A<v1,...,v">(‘s’,) on U

We have

1y Un+1

S,u’ppU(—A<U1,“.,’Un>(S)/A<U1,...,vn>(sl)) = 7_';"Ul,...,T,l,S'

and, denoting the above support by Usgypp,

A<v1,...,vn>(S)/A<vl,...,vn>(S,)| = A<vlv"'vvn+l>(sl)‘

Proof: Let W =< vy,...,v, >. By Proposition 3.11, Usyp, consists of all the
o € T p" such that for any w € S', Pw(vnt1) and Pw(w) are independent

modulo pw (0). For any such w, and o € T7>"2", we know that v,...,vp,w

Usupp

are independent modulo o (since if n > 0, w € S C T,). Applying Proposition
2.14, 0 € Usypp is equivalent (assuming o € Tll,’.i...,,;:) t0 V1y. .., Un, Untl, W
being independent modulo o for all w € S’ (note that Proposition 2.14 is applied
twice: in its first direction for vq,...,v,,w and in the second direction for

. 1see9Un+1
Vi, ey Uny W, Untt). Hence Usupp = Ty p' s
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Moreover, again by Proposition 3.11, the above quotient, restricted to its
support, is equal to A S. ]

<U1,~~~1Unyvn+1>(

THEOREM 4.4: For T = {vy,...,vp},Th,..., Ty, satisfying the assumptions of
Definition 4.2, the complex Tp""r" is contractible. In particular, it is non-
empty.

Proof: The proof will consist of two parts: We will first show that the complex
can be continuously retracted into its intersection with a certain apartment, and
then we will show that this intersection is contractible.

Let us extend arbitrarily the sequence vy,...,v, to a basis vq,...,vg47 of
V. Recall that we have a projection from 7 to the apartment Ap(vy,...,va41)
defined by

px) = sup(p(my, (), - .., p(Tuyy, (2))) Vol €T
and, for any [p] € T, a path from [p] to [j] defined by

pi(z) = sup(p(z),tp(z)), 0<t<1L

This gives a retracting homotopy, 8: [0,1] x T — T defined by 8(¢, [p]) = [p+]-
Let us see that this retraction preserves 7p'" 7"

LEMMA 4.5:
(1) Let || be a norm in Ap(vi,...,v411), l <k <dandw = Zfill a;v; €V.
Then vy, ..., v, w are independent modulo | | if and only if

(4.1) supi<klav;| < supisilaivg|.

(2) fweV andw,...,v,w are independent modulo p, then they are also
independent modulo p.

(3) For any vectors uy,...,uy in V, if they are independent both modulo p
and modulo p then they are also independent modulo p; for 0 <t < 1.

Proof: We adopt the signs V and A for max and min, respectively.
(1) We have to check whether for any by,...,b; € K,

k
(w + Z bv;
=1

k
= lw| v \/ bail,
i=1

that is,
k d+1

Z(ai + bi)v; + Z a;V;

i=1 1=k+1

d+1

E ;04
i=1

k
vV \/ |bZU1|
i=1
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Since v1,...,v441 are independent modulo | |, this is equivalent to
d+1
(4.2) V (@i +bi)vil v \/ lasvsl = \/ laivi| v \/ [bivi.
i<k >k i=1 i<k

If Vi< laivil < V,5y lasvg], then for every i < k, either |b;] # |a;| and
then |_(a,- + bi)’l)q;l = |aivi| \% |bi’U¢|, or |bz| = |a1;l, and then |aivi| \% |b¢’U1;I <
Vs laivi|. Thus (4.2) holds. On the other hand, if (4.2) holds then we
can choose b; = —a;, and get (4.1).

(2) Since p € Ap(vy,.-.,v4+1), We can use the criterion of part 1 of the lemma.
Let us denote w = 3 a;v;. Since j(v;) = p(v;), we have to verify (4.1) for
| | = p. Using the assumption, we have

\/ ola;v;) > P(Zaivi) = p(w - Zai”i>

i>k i>k i<k
= p(w) v \/ plaivi) > \/ plaivi).
i<k i<k

(3) This follows from the definitions and the distributivity of V over itself.
|

COROLLARY 4.6: The retraction of T to Ap(vi,...,v441) retracts T p* to
7—1:”1,..-771_‘7: N Ap(l}l, e ,vd+1).

Lyeres
Finally, we want to contract 777" N Ap(vi,...,va+1) to a point. We will
actually prove that this set is star-shaped, that is, there is a point in it that
“sees” all the other points, and one can contract geodesically to that point.
By part 1 of Lemma, 4.5, our set is defined inside Ap(v1,...,v4+1) by finitely
many conditions of the form

(4.3) V plaivi) < \/ plaivy).

i<k i>k
(Recall that an element p of Ap(vy,...,v441) is determined by its values on the
v;’s.)

This set of conditions can be replaced by a set of inequalities of the form
(4.4) plav;) < \/ plaive)
i>k
where j < k. This set of inequalities is bigger than the set we had before,
but is still finite. Let us look at a set of stronger inequalities, where each such
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condition is replaced by a corresponding condition of the form

pla;v;) < /\ plaivi).
i>k,0i#0

These inequalities define a subset M C 772" NAp(v1, . . .,v4+1). Every point
of M sees every point of T7'p" N Ap(vy,...,v441). Indeed, if [r] € M and
[0] € Tpor» 0 Ap(vr, - .., v441), for any condition of the form (4.4), there
exists an index 49 > k so that o(a;v;) < 0(a;,v;,), and we also have 7{a;v;) <
7(ai, Vi, ), since [o] and [7] satisfy the same linear inequality, so will any point in
the segment connecting them. But this linear inequality implies the inequality
(4.4).

It remains to prove that M is nonempty. But a point [p] € M can be chosen by
setting p(vy) arbitrarily, then setting p(vs) big enough according to the finitely
many inequalities, then p(vs) and so on up to p{vy). ]

4.2. PROOF OF THE ACYCLICITY THEOREM. We state a stronger theorem,
which is more suitable for an inductive proof.

THEOREM 4.7: Let n > 0 be an integer. Let vq,...,v, be linearly independent
elements in P(V) and let Ty, ..., T, be finite subsets of P(V) such that T} D
T, 2 - DT, and T; C P(V)\P(< w,...,0; >) for all i. Let us write
W =<wvy,...,u, >.

Let S CT,, orn =0 and S is any finite subset of P(V). Then we have

0 k>0
k 15-0-Un — ’ ’
H (7;)1,...,Tn v_A.W(S)) - {AOS(V/W, Pw(S)), k= 0’
where the map in degree 0 comes from the natural maps

e —

Aos(VIW,S) = Aos(pw (L) /mpw (L), Tpy, (L) jrpw (1) (Pw (S)))-
This theorem implies Theorem 4.1, via the special case n = 0.

Proof: ~We shall use induction, on the size of S. When S is empty,
Aw(S) is a constant local system, which assigns the base field F to
any simplex. Since the complex 77'""z" is contractible (Theorem 4.4), the
cohomology H *(7;’1"’.‘.‘.;’;: , Ay (S)) is 0-dimensional at positive degrees, and one-
dimensional at degree 0, as required.

In the inductive step, we can assume that S is nonempty. If two elements of S
are equal modulo W, then we can remove one of them from S without changing

either the local system Ay, (S) or the algebra Aps(V/W, Pw(S)). Hence, we
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can assume that all the elements of S are distinct from one another modulo W.
Let us choose arbitrarily v,.1 € S. Denote §' = S\ {vpi1}, W =< W, vp41 >.
By virtue of Lemma 4.3 we have a short exact sequence

0= Ay (S) = Aw(S) = Ay (S)) =0

of local systems on 75", where A’y (S’) is the local system which has

1y
1yeees Un41

Tr . as its support, and is equal to Ay (S’) on it. The data
Tiye TS w
((’Ul, PN ,’Un+1),T1,. . ,Tn,S')

satisfies the assumptions of the theorem (for any v € S’, we have v#v, 41 mod W
and hence v € B(V) \ P(W')).
Let us first prove that H*(Tp 1", Ay (S)) = 0 for i > 0. By the induction
hypothesis we have
HY(Tg)n, Aw(S") =

and (using Lemma 3.5),
HY(Tps Aw(S) = H (T st Aw (87) =

Hence, by the five lemma,

Finally, by the same considerations we have
HO(T) i, Aw(S') = Aos(V/W, Pw (S"))
and

H (T, Aw(S") = BT s Awi (87) = Aos(VIW', Py (51))-

.....

We get a commutative diagram

0 0 0

| | l

0— Aos(V/W, Pw(S/)) —_— Aos(V/W, Pw(S))—) Aos(V/W’, PW/ (S'))~—)0

| l l

05 COTR 0, Ay (S)» COTEA e, A (8)5 COTR 7 A (1)

..............

0+ C (Tl Aw(S)» CH (T rn Aw(8)) » CH (TR rt Alw (57)) 40

.....
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In this diagram, all the rows and columns, except the middle column, are exact
(the upper row is exact by (3.1)). Hence the middle column is also exact, and
HOTr o, Aw(8)) = Aos(VIW, Pw(S)). n

References

[dS] E. de Shalit, Residues on buildings and de Rham cohomology of p-adic
symmetric domains, Duke Mathematical Journal 106 (2000), 123-191.

[G-I] O. Goldman and N. Iwahori, The space of p-adic norms, Acta Mathematica
109 (1963), 137-177.

[GK] E. Grosse-Kloenne, Acyclic coefficient systems on buildings, Compositio
Mathematica, to appear.

[0-S] P. Orlik and L. Solomon, Combinatorics and topology of complements of
hyperplanes, Inventiones Mathematicae 56 (1980), 167-189.

[O-T] P. Orlik and H. Terao, Arrangements of Hyperplanes, Springer-Verlag, Berlin,
1992.



